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❊①❡r❝✐❝❡ ✶✵
❊t✉❞✐❡r ❧❛ ♥❛t✉r❡ ❞❡ ❧❛ sér✐❡ ❞❡ ❇❡rtr❛♥❞✱ ❞❡ t❡r♠❡ ❣é♥ér❛❧✿

Un =
1

nα ln(n)β
♣♦✉r n ≥ 2 (α, β) ∈ R

2

❉✐st✐♥❣✉❡r ❧❡s ❝❛s ✱ α > 1✱ α < 1✱ α = 1✱

❙♦❧✉t✐♦♥

❘❡♠❛rq✉♦♥s ❞✬❛❜♦r❞ q✉❡ ❧❡ t❡r♠❡ ❣é♥ér❛❧ Un ❡st ♣♦s✐t✐❢ ♣♦✉r t♦✉t n ≥ 2
✶✲ ❙✐ α > 1 ✱ ✐❧ ❡①✐st❡ γ ✉♥ ré❡❧ t❡❧ q✉❡ 1 < γ < α ❛❧♦rs✿

nγUn =
nγ−α

ln(n)β
, ∀n ≥ 2

❉♦♥❝

lim
n→+∞

nγUn = lim
n→+∞

nγ−α

ln(n)β
= 0, ❝❛r γ − α < 0

❉✬♦ù
∃n0 ∈ N, ∀n ∈ N, n ≥ n0 ⇒ Un <

1

nγ
γ > 1

❆✐♥s✐✱ ♣❛r ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ✉♥❡ sér✐❡ ❞❡ ❘✐❡♠❛♥♥
∑
n

1

nγ
❝♦♥✈❡r❣❡♥t❡ ✭♣✉✐sq✉❡ γ > 1✮✱ ♦♥ ♦❜t✐❡♥t ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡

❧❛ sér✐❡
∑
n≥2

Un ❞❛♥s ❝❡ ❝❛s ♣♦✉r t♦✉t ✈❛❧❡✉r ❞❡ β✳

✷✲ ❙✐ α < 1 ❛❧♦rs✱ α− 1 < 0✱ ❖♥ ❛

nUn =
n1−α

ln(n)β
, ∀n ≥ 2

❉♦♥❝

lim
n→+∞

nUn = lim
n→+∞

n1−α

ln(n)β
= +∞, ❝❛r 1− α < 0

❉✬♦ù
∃n0 ∈ N, ∀n ∈ N, n ≥ n0 ⇒ Un >

1

n

❆✐♥s✐✱ ♣❛r ❝♦♠♣❛r❛✐s♦♥ ♦♥ ❛ ❧❛ sér✐❡
∑
n≥2

1

n
❡st ❞✐✈❡r❣❡ ❛❧♦rs ❉♦♥❝ ❧❛ sér✐❡

∑
n≥2

Un ❡st ❛✉ss✐ ❞✐✈❡r❣❡ ♣♦✉r t♦✉t ✈❛❧❡✉r ❞❡ β✳

✸✲ ❙✐ α = 1
❙♦✐t fβ ❧❛ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ s✉r [2,+∞] ♣❛r

fβ(t) =
1

t(ln(t))β

fβ ❡st ♣♦s✐t✐✈❡✱ ❞é❝r♦✐ss❛♥t❡ ❡t ❝♦♥t✐♥✉❡ s✉r [2,+∞] ✭❝❛r fβ ❡st ❞ér✐✈❛❜❧❡ ❡t f
′

β(t) = − (ln(t))β−1

t2(ln(t))2β
(ln(t) + β)✮

❉♦♥❝ ✱ ❧❛ sér✐❡
∑
n≥2

Un ❡t ❧✬✐♥té❣r❛❧❡
∫ +∞
2

dt
t(ln t)β

s♦♥t ❞❡ ♠ê♠❡ ♥❛t✉r❡✳

❖♥ ♣♦s❡ u = ln t ❛❧♦rs du = dt
t

∫ x

2

dt

t(ln t)β
=

∫ ln x

ln 2

du

uβ
=

1

1− β
[(lnx)1−β − (ln 2)1−β ]

✯ ❙✐ β < 1✱ ❞♦♥❝ ∫ +∞

2

fβ(t)dt = +∞

❉✬♦ù
∑
n≥2

Un ❞✐✈❡r❣❡✳

✯✯ ❙✐ β > 1 ❞♦♥❝ ∫ +∞

2

fβ(t)dt =
(ln 2)1−β

β − 1

✾



❉✬♦ù
∑
n≥2

Un ❝♦♥✈❡r❣❡✳

✯✯✯ ❙✐ β = 1 ❞♦♥❝ ∫ x

2

1

t(ln(t))
=

∫ ln x

ln 2

du

u
= ln lnx− ln ln 2

❉✬♦ù
∑
n≥2

Un ❞✐✈❡r❣❡✳

❊①❡r❝✐❝❡ ✶✶
❙♦✐❡♥t Un = (−1)n

n
❡t Vn = (−1)n

n
+ 1

n logn

✶✳ ◗✉❡❧❧❡ ❡st ❧❛ ♥❛t✉r❡ ❞❡s sér✐❡s
∑

Un ❡t
∑

Vn ❄

✷✳ ▼♦♥tr❡r q✉❡ Un ∼∞ Vn

✸✳ ❈♦♥❝❧✉r❡✳

❙♦❧✉t✐♦♥

✶✲ ▲❛ sér✐❡ ❤❛r♠♦♥✐q✉❡ ❛❧t❡r♥é❡
∑
n=1

(−1)n

n
❡st ❝♦♥✈❡r❣❡♥t❡✳

❖♥ ❛ ✈✉ ❊❳ ✳✶✵✱ q✉❡
+∞∑
n=2

1

n log n
❡st ❞✐✈❡r❣❡♥t❡ ✱ ❞♦♥❝ ✐❧ ❡♥ ❡st ❞❡ ♠ê♠❡ ♣♦✉r

∑
Vn✳

✷✲ ❖♥ ❛
Vn

Un

= 1 +
(−1)n

log(n)

❉♦♥❝

lim
n→+∞

Vn

Un

= 1

❈✬❡st ➹ ❞✐r❡ Un ∼∞ Vn

✸✲ ❖♥ ✈♦✐t q✉❡ s✐ Un ❡t Vn s♦♥t ❞❡ s✐❣♥❡ q✉❡❧❝♦♥q✉❡✳ ❛❧♦rs Un ∼∞ Vn ♥✬✐♠♣❧✐q✉❡ ♣❛s q✉❡
∑
n

Un ❡t
∑
n

Vn s♦♥t

❞❡ ♠ê♠❡ ♥❛t✉r❡✳

❊①❡r❝✐❝❡ ✶✷
❊t✉❞✐❡r ❧❛ ♥❛t✉r❡ ❞❡s sér✐❡s ❛❧t❡r♥é❡s ❞❡ t❡r♠❡ ❣é♥ér❛❧✿

✶✳ Un = (−1)n

n+sin(n)

✷✳ Vn = (−1)n log(n)√
n

✸✳ Wn = (−1)n+1
log(n)

❙♦❧✉t✐♦♥

✶✲ ❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ s✉r I =]0,+∞[ ♣❛r ✿

f(x) =
1

x+ sin(x)

❡st ♣♦s✐t✐✈❡ ❡t ❞ér✐✈❛❜❧❡ s✉r I ❡t ♣♦✉r t♦✉t x ∈ I ❖♥ ❛

f
′

(x) = − 1 + cos(x)

(x+ sin(x))2
< 0

✶✵



❞♦♥❝ f ❡st ❞é❝r♦✐ss❛♥t❡
❖♥ ❛

∑
n

Un ❡st ✉♥❡ sér✐❡ ❛❧tér♥é❡ (Un × Un+1 < 0) ❞♦♥t ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❞❡ t❡r♠❡ ❣é♥ér❛❧ |Un| = 1
n+sin(n) t❡♥❞ ✈❡rs

0 ❡♥ ❞é❝r♦✐ss❛♥t✳ ✭❝❛r 1
n+sin x

< 1
n−1 )

❉♦♥❝
∑
n=1

Un ❝♦♥✈❡r❣❡✳

✷✲ ❙♦✐t g ✉♥❡ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ s✉r I =]e2,+∞[ ♣❛r ✿

g(x) =
log(x)√

x

❡st ♣♦s✐t✐✈❡ ❡t ❞é❝r♦✐ss❛♥t❡ ❝❛r g ❡st ❞é❝r♦✐ss❛♥t❡ ❡t ∀x ∈ I, g
′

(x) = − log(x)−2
2x

√
x

< 0

❉❡ ♣❧✉s |Vn| = log(n)√
n

t❡♥❞ ✈❡rs 0 ❡♥ ❞é❝r♦✐ss❛♥t✳ ✭ à ♣❛rt✐r ❞✬✉♥ ❝❡rt❛✐♥ r❛♥❣✮✳

❉♦♥❝
∑
n=1

Vn ❡st ✉♥❡ sér✐❡ ❛❧tér♥é❡ ❝♦♥✈❡r❣❡♥t❡✳

✸✲ ❖♥ ♣♦s❡ Xn = (−1)n

log(n) ❡st ✉♥❡ sér✐❡ ❞❡ t❡r♠❡ ❣é♥ér❛❧ ❞✬✉♥❡ sér✐❡ ❛❧t❡r♥é❡ ❝♦♥✈❡r❣❡♥t❡ ❝❛r |Xn| = 1
log(n) t❡♥❞

✈❡rs 0 ❡♥ ❞é❝r♦✐ss❛♥t✳
❈♦♠♠❡ log(n) < n ❛❧♦rs ♦♥ ♣♦s❡ Yn = 1

log(n) >
1
n

❖r ❧❛ sér✐❡
∑
n=1

1

n
❡st ❞✐✈❡r❣❡ ✱ ❛❧♦rs ❞✬❛♣rès ❧❡s t❤é♦rè♠❡s ❞❡ ❝♦♠♣❛r❛✐s♦♥ ✱❧❛ sér✐❡

∑
n=1

Yn ❡st ❞✐✈❡r❣❡✳

P❛r s✉✐t❡
∑
n=1

Wn =
∑
n=1

Xn +
∑
n=1

Yn ❡st ✉♥❡ sér✐❡ ❞✐✈❡r❣❡♥t❡✳

✶✶


